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Focus of the talk  

Our researches are related with the  

Nonlinear stochastic differential 
equations (SDE),  

• resulting in power-law 
distributions,  

• including the Inverse Cubic Law  

• 1/f noise and  

• bursting processes 
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 One of stylized facts emerging from 

statistical  analysis of financial markets is 
the inverse cubic law  for  

the cumulative distribution  
of a number of events of trades and  

of the logarithmic price change.  
 

• P. Gopikrishnan, M. Meyer, L. A. N. Amaral, H. E. Stanley, Eur. Phys. J. B, 3, p. 
139, 1998.  

• S. Solomon and P. Richmond, Physica A, 299, p. 188, 2001.  

• X. Gabaix, P. Gopikrishnan, V. Plerou, H. E. Stanley, Nature, 423, p.267, 2003.  

• B. Podobnik, D. Horvatic, A. M. Petersen, H. E. Stanley, PNAS, 106, p. 22079, 
2009.  

• G.-H. Mu and W.-X. Zhou, Phys. Rev. E, 82, 066103, 2010.  
  

Inverse Cubic Law  
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X. Gabaix, P. Gopikrishnan, V. Plerou,  

H. E. Stanley, Nature, 423, p.267, 2003. 

R.K.Pan, S.Sinha, Physica A, 387, p.495, 2008. 

Examples of the Inverse Cubic Law  
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 Power spectral density of trading activity  

(number of trades per 1 min.)  for ABT stock on NYSE 

It is the long-range process  
with 1/f fluctuations 
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Starting from the 
autoregressive point process 
model  

The signal 

 

θ 
Interbust time 

  
we derive a class of the 
nonlinear stochastic 
differential equations  

which generate bursting, 
power-law distributed,  
q-exp and q-Gaussian 
signals and 1/fβ noise 
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THE POINT PROCESS MODEL  
The signal of the model consists of pulses or events 

( ) ( )k k

k

I t A t t 
In a low frequency region and for long-range correlations we 
can restrict analysis to the noise originated from the 
correlations between the occurrence times tk.  

Therefore, we can simplify the signal to the point process  
 

The point process 
 

 
 

is primarily and basically defined by the occurrence times  
t1, t2, …tk… 
 

Or by the interevents times  

 

( ) ( )k

k
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Stochastic multiplicative point process  

    

Quite generally the dependence of the mean interpulse time 
on the occurrence number k may be described by the general 
Langevin equation with the drift coefficient                 

and a multiplicative noise         

 kd 

   kb k 

B. K., et all. Phys. Rev. E 71, 051105 (2005) 

Replacing the averaging over k 

by the averaging over the 

distribution of the interpulse 

times       we have 

the power spectrum 

 



B. Kaulakys, Vilnius University, Lithuania: www.itpa.lt/kaulakys 

9 

Nonlinear stochastic differential equation 
generating 1/f noise  

1
1 /( ),

k k k
fS f  


 

B. K. and J. Ruseckas, Phys. Rev. E  70, 020101(R) (2004)  

4 5/ 2

3

1/( )( ),

1
( ) ~

fS f
dx

x x t
dt

P x
x

  

1/f noise and 
power-law 
distribution 

d d ,
k

t k
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Therefore, the simplest iterative equation  

(with the appropriate boundary conditions)  

generating the pure 1/f noise,   

corresponds to the inverse squared  

cumulative distribution.  



B. Kaulakys, Vilnius University, Lithuania: www.itpa.lt/kaulakys 

11 

 We search for the simplest 
stochastic differential equation,   

generating the long-range 
processes  

with the inverse cubic cumulative 
distribution.   
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Inverse cubic 
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With Poisson 

 

Without Poisson 

  

With Poisson 

 

Without Poisson 
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 Inverse cubic law 

 

 Distribution of the signal depends, 
however, on the additional Poissonian-like 

stochasticity   
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 Does not depend on the 
additional Poissonian 
stochasticity  

 We obtain 
the Inverse 
cubic law 
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 B.K. and M. Alaburda, ICNF’2011 (Toronto) 
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q-exponential distribution   

(ii) restrict divergence of power-law 
distribution of x at x=0 

Analytical calculations 
from the related  point 

process model 

 

 
 

(i) is linear for small x << xm ,  

and 

(iii) generate signals with 1/f β spectrum: 

 

 
q-exponent 

B. K. and M. Alaburda, J. Stat. 
Mech. P02051 (2009) 
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q-Gaussian distribution 

Regular distribution of signal for x > 0, x = 0 and x < 0.  

  

J.Ruseckas and B.K., Phys. Rev. E 84, 051125 (2011).  

q-Gauss 

 
, 
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Superstatistical framework  

 In superstatistical approach the distribution            of the signal     

is a superposition of the conditional distribution            and the 

local stationary distribution          of the parameter  

 In order to obtain q-exponential PDF of the signal  x  we 

consider exponential PDF, conditioned to the local average 

value of the parameter  

J. Ruseckas and B.K., Phys. Rev. E 84, 051125 (2011). 
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SDE with exponential restriction of diffusion 

and q-exponential distribution of the signal,  

generates PDF for   
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By analogy equations  

yield q-Gaussian distribution  
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Nonlinear SDE  

Numerical solutions     

bursting process  

with 1/fβ noise  

 

 

Area S of burst 
 

 reveal  
 bursting process 
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Numerical results. Secondary structure the signals  

Signals 

  

Xm=0.01 
λ=3 
η=1.5 

Xm=0.01 
λ=3 
η=2.5 

λ=3 λ=3 

 
θ 

Interbust time 
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Numerical results  

Burst size S vs burst duration T Distribution of bust size P(S) 

Distribution of interbust time P(θ) Distribution of bust durations P(T) 
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 i.e., N-dimensional Brownian diffusion with 

 Lamberti transformation  

equation  

convert to Bessel process 



B. Kaulakys, Vilnius University, Lithuania: www.itpa.lt/kaulakys 

31 

V. Gontis, A. Kononovicius and S. Reimann, ACS, arXiv:1201.3083v1   

Distribution of burst durations T . Theory 

          is a k-th zero of Bessel function  

http://arxiv.org/abs/1201.3083v1
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Distribution of burst durations T .  

Comparison of analytical results with calculations 

λ = 4  

ν= 0, 0.5, 2  
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 Comparison with empirical data for average of 24 stocks: 
ABT, ADM, BMY, C, CVX, DOW, FNM, GE, GM, HD, IBM, JNJ, 
JPM, KO, LLY, MMM, MO, MOT, MRK, SLE, PFE, T, WMT, XOM. 

  

Distribution of burst durations T .  
Comparison of analytical results with empirical data 
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Burst size S vs burst duration T 

Theoretical results  Empirical data   
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PDF of the bursts size 

Theoretical results  Empirical data   
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Some conclusions  

• Nonlinear stochastic differential 
equation  

• may generate the inverse cubic 

• q-exponential and  

• q-Gaussian distributed signals with  

• 1/fβ power spectrum,  

• exhibiting bursts, similar to  
observable in empirical data.   


