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Focus of the talk

Our researches are related with the

* 1/f noise problem

* Nonlinear stochastic differential
equations and

 Herding processes
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1/ f(One-Over-F) Noise or
1/ f Fluctuations

1/f noise, occasionally called

"flicker noise" or "pink noise"
IS a type of noise whose
power spectral density _
S (f) as a function of $ 02|

the frequency f / |
behaves like S (f ) ~ 1/f B 01 1 10 100 1000 10000

f

where the exponent 3 =1 or is closeto 1.
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1/ f(One-Over-F) Noise or
1/ f Fluctuations

Since the first observation of 1/f noise
by Johnson in 1925,

fluctuations of signals exhibiting 1/f
behavior

of the power spectral density at low
frequencies

have been observed in a wide variety of
physical, geophysical, biological,

financial, traffic, Internet, astrophysical and
other systems
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Puzzles, mystery of 1/ fnoise

« 1/f noise is intermediate between white
noise: no correlation in time, S (f) ~1/f 9,

I(t) = o8 (1), EOEEF) =0d(—1)

« and Brownian motion: no correlation
between increments, S (f) ~1/f 2,

dl = odW (1), J‘f(t’)dt’ = W ()

W (t) is Wiener process (Brownian motion)
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Puzzles, mystery of 1/ fnoise
* In contrast to the Brownian motion generated
by the linear stochastic equation

 Simple systems of linear stochastic
differential equations, generating signals with
1/ f noise are not known

These results make the problem of the
omnipresent 1/ f noise

one of the oldest puzzles
In contemporary physics
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Historical Remarks.
Brownian motion (1)
1. Robert Brown (1827)

“...Microscopical observation of
active molecules...”

Brownian motion
In space
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http://en.wikipedia.org/wiki/Image:BrownianMotion.png

Brownian motion (2)

2. Louis Bachelier (1900)

“Théorie de la spéculation”
A theory of Brownian motion,
Pioneering Econophysics
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Brownian motion f
of the intensity _-

of the signal ;
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Brownian motion (3)

B.K., T.Meskauskas, V.Gontis, J.Ruseckas and
M.Alaburda models (1997-2011)
Brownian or Brownian-like motion
In time axis
(of the mean inter-event, inter-pulse time)
as one of possible origins of 1/f noise
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Motion of the interevent time The signal
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POINT PROCESS MODEL OF 1/f NOISE

The signal of the model consists of pulses or events

(1) =D At-t)

In a low frequency region and for long-range correlations we
can restrict analysis to the noise originated from the
correlations between the occurrence times ¢,.

Therefore, we can simplify the signal to the point process

The point process
It)=a) S5t-t,)
k

is primarily and basically defined by the occurrence times ¢,
tz llltklll

Or by the interevents times Tk — tk +1 _tk
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Power spectral density of the point process
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where T" =ty — 1, > w 'is the observation time,

k+q—1

Akiq) =ty — e = Z T
i=k

may be calculated directly
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Stochastic multiplicative point process

Quite generally the dependence of the mean interpulse time
on the occurrence number A may be described by the general
Langevin equation with the drift coefficient d (Tk

and a multiplicative noise b (Tk ) 5 ( k) Replacing the averaging over k
by the averaging over the

di distribution of the inter

— B pulse
% N d (ﬂb) T b(ﬂb) 5 (A) ‘ times 7. I (Tk)j we have
" the power spectrum ,

q’ /
(I]JLPR T,{b /dq exXp {ZW [qu +d (Tk) ?] }

/PA Tk) Re ~i(7=3) erfe \f—z'.:zr] ﬁd@
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v B. K., V. Gontis, M. Alaburda, Phys. Rev. E 71, 051105 (2005)

B. Kaulakys, Vilnius University, Lithuania: Www.itpa.lt/kaulakys



Multiplicative point process
Iterative equation for the mean interevent time
o 2pu—1 [T
Th+1 = Tk + YTy + OTL €k

1+« o 27 / o} 1 ,

max min

Power spectral density
(24 ) (B—1)a*l' (8 —1/2) (q--)ﬁ—l 1
ﬁt’l (Tlfﬂ:}? T 1?1_1}_11&) S11 ( 8/ 2) f o
Distribution density of the signal intensity | [] /7, is

S(f) =

al A—1  a! ‘
P(I) 3PA(I) P(I)_ A—1 ]/\’)\:3—'_05‘

E AN

max min
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Signal of the point process.
Simulated examples
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Power spectrum S (f)
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Summarizes of our
models

 We have presented simple
of 1/f P noise, covering different
values of the exponent .

 The proposed models relates and
connects the power-law spectral density
with the power-law distribution of the
signal intensity into the consistent
theoretical approach.
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Nonlinear stochastic differential equation (SDE)
generating 1/f noise from the point process model

T,.,.=7 tog ,S(f)ocl/f
T i) (ERER) =5k~ k)
dk 7o | | | | OMM MLW
dtZdek, I:d/Tk 0 —— gt —
e X+ XMPE(), S(f)ocl/f
1 1/ fnoise and
P(X)~— power-law ) LN
x> | distribution U

v'B. K. and J. Ruseckas, Phys. Rev. E 70, 020101(R) (2004)
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Simplest nonlinear stochastic differential equations

(SDE) generating signals with 1/f# fluctuations
a) equation ]
dr = 2°2aw, 1= 5 A=3. B=1

in Ito convention
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Other simple nonlinear stochastic differential equations
(SDE) generating signals with 1/f# fluctuations

b) equation

] | 1
de=a"odW, n=2 A=2 [= 2
or
2 2 - r ]_
de = (a3, +2%)odW, n=2 A=2 p=3
, J J 4 i 2
in Stratonovich convention
10° ¢
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Other simple (SDE) generating signals

with 1/f7 fluctuations
c) equation ;
dr=22dW, n=2 A=4, (= 5

or
dr = (I?H + IQ) dW, n=2, A=4, (= 5
in Ito convention
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Generalisation for 1/ fP noise
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Simples nonlinear (SDE)
generating 1/f# noise and P (x)~1/x* distribution

dr = Ta’dt + 22dW
with ,6’:%—F and \ =4 — 2T
Another form and improvement of the equation

1 ‘

1
where [' = 2 — 5)\ Normalized distribution of the signal

_ A—1
P(r) = (A 1):1?._”; , x> 0.
(T-m. + T)
Without the divergence
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q-exponential distribution

(i) is linear for small x << x_, , P(r) = (A — 1)y, !
: " A
(i) restrict divergence of power-law — (em + 1)
distribution of x at x=0 (A =1) T N
= — eXp, 4 —A—p, x>0
and Lm T Lm
(iii) generate signals with 1/f B spectrum: q-exponent
A 1
S(f) =+, §<,B<2, 4—n<AN<1+2n,
Analytical calculations 7 f '
from the related point ; \— 3
- =1 _ .
process model \ . +3 =1 " > 1,
A m A=DT(B—=1/2) )t (2 + A\ — 277)31
v B. K. and M. Alaburda, Qﬁ (n—1)sin (73/2) It

J. Stat. Mech. P02051 (2009)
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Autocorrelation of the signal with 1/ B noise

C(s) = (x () (t + 5 :—/5 os (27 f5) d f

Power spectral density may be approximated as

A Al f o
5 — — = O
(f) (F2 + fﬁ)-’jf? { A8, > fo

Autocorrelation may be expressed via the modified Bessel functions K,(2)

) Ay ms\" . A /T 2\
€)= a7 (1) K @nho) = g (5) Km @)

I'(h+1/2 2T (h+1/2
where ,
J'3 — ]_ 0_-_. f? < ].
h=." " Forl< <3, hcoincide N -1 - ,
‘ with the Hurst exponent H H == 5 2 0 I <p<3

1, 3 >3
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Analytical expressions for
leading terms of autocorrelations

(1) B<1
o AV ,,
C'(s) = g (g) (ws)l_ﬁ alverl 0< <1

(i B=1
C(s)=AKy (27 fos) =~ —A[ln (27 fmins) + C], C =0.5772

C(s) ~Cyp—Alns
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Analytical expressions for
leading terms of autocorrelations
(iii) B>1
C(s)=C(0)—Bs" L, 1<p<3,

(27)°7LT (2 — B) sin (7 5/2) A (2m)° A

B = :
(B—1) AT" () cos (w3/2)
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q-Gaussian distribution

e (n-32) ¢
JONE RO
P(x)= ( N j) = expg{ A—s }
\/El_‘ (%) ST T \/Er (%) Xm 215"
Regular distribution of signal for x> 0, x=0 and x< 0.
S(f) = A = exp, { — /7 / =1+ A3
(f5+ /P2~ 0 23 21— 1)

oo ) s h
€)= [ streosaaps)ar = £ (;}) Kn(27 fos)

--..Ix..'l

J.z)ﬂ xdt + (x5, +x° )npdﬂi n>1 Ai>1

b= T,

F(s) = F(s) = (x(t+5) =x() ) = 2(C(0) =C(s)] = 4 [~ S(f)sin (ms)df.

v 1. Ruseckas and B.K., Phys. Rev. E 84, 051125 (2011)
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Herding model and 1/f noise

> The nonlinear SDEs provide macroscopic description of a
complex system.

> The microscopic, agent based reasoning of equations exhibiting
> 1/f noise can yield further insights into behavior of the system.

> Here we show that it is possible to obtain the nonlinear SDE
of the similar form starting from agent-based herding model.

Abstract — We provide evidence that for some values of the parameters a simple agent-based
model, describing herding behavior, yields signals with 1/f power spectral density. We derive a
non-linear stochastic differential equation for the ratio of number of agents and show, that it
has the form proposed earlier for modeling of 1/ fﬁ noise with different exponents (3. The non-
linear terms in the transition probabilities, quantifying the herding behavior, are crucial to the
appearance of 1/f noise. Thus, the herding dynamics can be seen as a microscopic explanation of
the proposed non-linear stochastic differential equations generating signals with 1/f° spectrum.

J. Ruseckas®, B. KAULAKYS and V. GoNTIS, EPL, 96 (2011) 60007
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Kirman’s model

We start from the Kirman's seminal herding agent-based model:

¢* A. Kirman, Epidemics of opinion and speculative bubbles in financial
markets, In Money and Financial Markets,1991, p. 354.

e A. Kirman, Q. J. Econ., 108 (1993) 137

e Itis worth to notice that the appropriate agent-based
models can yield emergence

e the power-law scaling,
e long-range correlations,
e (multi)fractality

e and fat tails,

However the omnipresent 1/f noise have
not yet been revealed in such approach.
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In the model the dynamic evolution is described as a Markov
chain.

There is a fixed number N of agents,
Each of them being in state 1 or in state 2.

The number of agents in the first state is denoted by /3,

and the number in the second state by //-1.

Describing the dynamics as a jump Markov process in
continuous time,

The transition probabilities per unit time are given by Egs.
for one-step stochastic process

pn—=n+1)=p" (n)= (N —n)(oy +hn), (1)
pin—n—1)=p (n)=n(ocx+h(N —n)). (2)

Constants O; and O , describe the typical tendency to change the state,
while the term /1 describes the herding tendency.
B. Kaulakys, Vilnius University, Lithuania: Www.itpa.lt/kaulakys



The transition probabilities imply the Master equation
0 0

apx(;cj t) = —%h(el(l —1x) —eox)Py(z,t)
4%%}; (zx(l — )+ %(1 — )+ %233) Py (z,t),  (4)

for the probability P,(f) to find 7 agents in the state 1 at time &

For large enough N we can represent the dynamics by a continuous
variable x=n/ N.

A Fokker-Planck equation, derived from the Master equation (4),
assuming that Nis large and neglecting the terms of the order of 1/ M is

% n — +(ﬂ—1)Pn—1 +p (n+1)P,.
_(P+(n) +p (n))Pn.

where €1 =01 /h, €2 =05 /h are scaled parameters.
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This Fokker-Planck equation corresponds to the stochastic
differential equation

dz = h(e1 (1 — x) — eox)dt + /2hx(1 —z)dW,  (6)
Introduction of the new variabley, i.e.,
the ratio of the number of agents in the state 2 to the number of agents in the state 1

1—3:_N—fn,
r on

y p—
yields the nonlinear SDE for the ratio of number of agents in two states

dy=h[(2—¢1)y+e2|/(1 +y)dt + /2hy(1 4+ y)dW.

Fory >> 1 we have the approximate form

dy ~ h(2 —e;)y*dt + v th%dW.
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This equation

dy ~h(2 —e;)y*dt + v Zhy%dW

is a special case of our general equation for 1/f noise
2 1 2n—1 n
dr=o0 77—5/\ T dt +ox"dW

generating signals with the power spectral density

1 A—3
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Special cases of the equation:

i) n=0and o=1,

0—11
dx = dt +dW, Bessel process of
2 I dimension o =1-A.

i) p=1/2and 0=2,

d T = 5 dt + ) \/E d W, Squared Bessel process

of dimension 0 = 2(1-A).

1ii) with exponential restrictionfor n=1/2, x_,, =0and m=1,

dr =k (6} _ (L‘) dt + o \/5 de Cox-Ingersoll-Ross

(CIR) process.

iv) with exponential restriction for x ., =00 and m=2n -2,

d{B — X dt +0oX " d W, Constant Elasticity of

Variance (CEV) process.
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Numerical analysis of equation

dy="nh[(2—ce1)y+e2|(1 +y)dt + v/ 2hy(1 +y)dW.

|

P | Analytical result
oY) 0% F green

o LU
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)f
Comparison with analytical expressions of the numerical steady-
state PDF, P,(y), and the power spectral density, X /),

of the signal generated by this equation
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Comparison with the microscopic agent model

0
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Calculgtions according to equations:
pin—n+1)=p (n)=(N—n)(oy +hn), (1)
pin—=n—1)=p (n)=n(cs+ h(N —n)).
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Possible generalizations (1)

1— 1 1/
For the stochastic variable Y — ( ) SDE is

T
dy = g (1+2—e))+(e2+2 1)y *|y(1+y™)dt
+Y2hg (1 yeyaw, (23)

Q
The corresponding steady-state PDFE is

al'(g) +e5)  y2e2—!
Poly) = ['(e2)(e1) (14+ye)s2ter (24)

For the parameters a=1 and &, =1 Eq. (24) corresponds to g-exponential
distribution with g =1+1/(1+¢,),

while for the parameters a=2 and &, =1/2 it corresponds to g-Gaussian
distribution with g =1+2/(1+2¢,).

B. Kaulakys, Vilnius University, Lithuania: Www.itpa.lt/kaulakys
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Possible generalizations (2)

Rate at which the agents meet depends on the global state of the system.

The new transition probabilities are:

1
p(n—=n+1)=——(N —n)(oy + hn), 1(n) describes the time

T(n) scale of the microscopic
1 events.
p(n%n_l):mn(OQ—l—h(N—n)), For 7(y) =y "

SDE for the variable Yy — (1 — LE)/:I:

dy = h[(2 —e1)y + 2]y (1 +y)dt + /2hy 7 (1 + y)dW

generates signals with power spectral density

1 A—3 €1 +7v—2

S(f)~ 45 5:“2(?;—1):“ -
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Some conclusions

 Nonlinear stochastic differential equation
generating 1/f? noise may be obtained from the
microscopic agent-based herding model.

e The nonlinear terms in the transition
probabilities, quantifying the herding behavior,
are crucial to the appearance of 1/f noise.

e The herding dynamics can be seen as a
microscopic explanation of the proposed non-
linear stochastic differential equations generating
signals with 1/f8 spectrum.
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