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Complex Physical and Social Systems group
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https://rf.mokslasplius.lt


The plan

1 Society as a complex matter

2 Wealth and ideal gasses

3 Rational agents and game theory

4 Network science

5 Opinion dynamics

6 Financial markets

ë goodreads.com
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https://www.goodreads.com/book/show/29579.Foundation


Society as a complex matter



Complex matters

m ∼
∣∣∣∣T − Tc

Tc

∣∣∣∣β ,
ξ ∼

∣∣∣∣T − Tc

Tc

∣∣∣∣−ν

.

⌣ flaticon.com; Pun intended: [Ball (2012)]; Ising model app: Physics of Risk
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https://www.flaticon.com/authors/prashanth-rapolu-15
https://link.springer.com/book/10.1007/978-3-642-29000-8
https://rf.mokslasplius.lt/ising-model/


Sense of scale

Most people come
from the “normal”

distribution.

Many small lakes,
while few are quite

large.

ë [Schilling et al.(2012)], [Cael and Seekell (2016)]
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https://doi.org/10.1198/00031300265
https://doi.org/10.1038/srep29633


Free of scale

f(x) is scale invariant if:

f (bx) = g (b) · f (x) .

Only solution:

f (x) = Cx−α.

Zooming into the Mandelbrot set.
[Newman (2005)]; Mandelbrot set app: David J. Eck; ÅBBC Ideas: Fractals
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https://doi.org/10.1080/00107510500052444
https://math.hws.edu/eck/js/mandelbrot/MB.html
https://www.youtube.com/watch?v=w_MNQBWQ5DI


Scale-free distribution

Let x follow a power-law PDF:

p (x) = (α− 1)x−α,

with x ≥ 1.

Raw moments:

⟨xm⟩ = (α− 1)

∫ ∞

1

xm−αdx =
(α− 1)xm+1−α

m+ 1− α

∣∣∣∣∞
1

.

For m-th moment to be finite, we need α > 1 +m.
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Central limit theorem?

Consider Sk =
∑k

i=1 Xi.

Xi ∼ U
(
−
√
3,
√
3
)

Xi ∼ Cauchy (0, 1) Comparison
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Complexity is about emergence

You can have power-law distribution
without complexity! Let:

y ∼ Exp (1) ,

x = exp (y) .

Then:

px (x) = py (ln (x))

∣∣∣∣dydx
∣∣∣∣ = x−2.

[Newman (2005)], [Bak et al.(1987)]; Sandpile model app: Physics of Risk
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https://doi.org/10.1080/00107510500052444
https://doi.org/10.1103/PhysRevLett.59.381
https://rf.mokslasplius.lt/sandpile-model/


Social complexity

ë [Newman (2005)], Wolfgang Eckert (pixabay.com); Interactive app: Stop-and-go waves (Physics of Risk)
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https://doi.org/10.1080/00107510500052444
https://pixabay.com/photos/traffic-jam-city-highway-stop-and-go-2500844/
https://rf.mokslasplius.lt/stop-and-go-waves/


Wealth and ideal gasses



Empirical wealth data

ë [Dragulescu and Yakovenko (2001)]
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https://doi.org/10.1016/S0378-4371(01)00298-9


Kinetic exchange framework

1 Two particles i and j collide.
2 ∆wij energy is transferred:

∆wij = riwi − rjwj.

3 Update particle energies:

wi (t+ 1) = wi (t)−∆wij,

wj (t+ 1) = wj (t) + ∆wij.
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Simplest model

1 Two agents i and j meet.
2 Wealth is split randomly,

∆wij = (1− ε)wi − εwj,

with ε ∼ U(0, 1).
3 Update agent wealth.

[Patriarca and Chakraborti (2013)]; Interactive app: Physics of Risk
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https://doi.org/10.1119/1.4807852
https://rf.mokslasplius.lt/elementary-kinetic-exchange-models/


Analytical approach to the model

The master equation:

∂p(w, t)

∂t
=

∂N+(w, t)

∂t
− ∂N−(w, t)

∂t

We care about stationary distribution:

∂p∞(w)

∂t
= 0 ⇒ ∂N−(w, t)

∂t
=

∂N+(w, t)

∂t
⇒

p∞ (w) =

∫ ∞

w

1

U

[∫ U

0

p∞ (ui) p∞ (U − ui) dui

]
dU ⇒ p∞(w) =

1

⟨w⟩
exp

(
− w

⟨w⟩

)
.

[Calbet et al.(2011)]
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https://doi.org/10.1103/PhysRevE.83.036108


Introducing saving propensity

1 Two agents i and j meet.
2 Both reserve κ fraction of their wealth.

Remaining wealth is split randomly,

∆wij = (1− κ) [(1− ε)wi − εwj] .

with ε ∼ U(0, 1).
3 Update agent wealth.

[Patriarca and Chakraborti (2013)]; Interactive app: Physics of Risk
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https://doi.org/10.1119/1.4807852
https://rf.mokslasplius.lt/modeling-wealth-distribution-using-kinetic-exchange-models/


Deriving moments

By definition, lhs and rhs should be equal
in distribution:

wi (t+ 1)
d
= κwi (t)+ε (1− κ) [wi (t) + wj (t)]

Thus, for the m-th raw moment of a
stationary distribution:

⟨wm⟩ = ⟨{κwi + ε (1− κ) [wi + wj]}m⟩ .

Needs to be solved recurrently:〈
w1

〉
= 1,

〈
w2

〉
=

κ+ 2

1 + 2κ
,

〈
w3

〉
=

3 (κ+ 2)

(1 + 2κ)2
,

〈
w4

〉
=

72 + 12κ− 2κ2 + 9κ3 − κ5

(1 + 2κ)2 (3 + 6κ− κ2 + 2κ3)
.

Suggested approximation

p (w) ∼ wn−1 exp (−nw) ,

with n = 1 + 3κ
1−κ

.
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How to construct power-law distribution?

Start with:

p (τ |γ) = γ exp (−γτ) .

Assume that for γmin < γ < γmax:

p (γ) ∝ 1

γα
.

Combine:

p (τ) =

∫ γmax

γmin

p (γ) p (τ |γ) dγ ∝ 1

τ 2−α
.

[Kononovicius and Kaulakys (2024)]; Interactive app: Physics of Risk
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https://doi.org/10.1088/1742-5468/ad890b
https://rf.mokslasplius.lt/power-law-distribution-from-superposition-of-exponential-distributions/


What about the saving propensity model?

Note that:

wn−1 exp (−nw) = exp [(n− 1) ln (w)− nw] ≈
≈ exp (−nw)

So assume that κ ∼ U (0, 1).

ë [Patriarca and Chakraborti (2013)]; Interactive app: Physics of Risk
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https://doi.org/10.1119/1.4807852
https://rf.mokslasplius.lt/modeling-wealth-distribution-using-kinetic-exchange-models/


Delving deeper

Wealth / income:
• Compatibility with Economics
• Skills and luck
• Temporal dynamics
• Realistic income mechanisms

But not only wealth / income:
• Opinion dynamics

(Biswas-Chatterjee-Sen model)
• Designing ranking systems (ELO)
• Epidemiological models
• Alcohol consumption

Recommendations: [Patriarca and Chakraborti (2013)], [Toscani et al.(2022)]
ë politifake.org
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https://doi.org/10.1119/1.4807852
https://doi.org/10.1098/rsta.2021.0170


Rational agents and game theory



Game theory

Explores interactions between rational
and self-interested agents.

Games:
• cooperative or competitive
• (non-)zero sum
• (a)symmetric
• (a)synchronous
• (in)finite
• . . .

R P S
Rock 0, 0 -1, 1 1, -1
Paper 1, -1 0, 0 -1, 1

Scissors -1, 1 1, -1 0, 0
Payoff matrix for a r-p-s game

Decision tree of an ultimatum game
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Pure strategies (in the TCP backoff game)

B C
Back-off -1, -1 -4, 0
Continue 0, -4 -3, -3

• What is desirable?
• What do we get?

å vecta.io
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https://vecta.io/symbols/category/cisco


Some games have no pure strategy. . .

GK \ Taker L R
Left 1, 0 0, 1

Right 0, 1 1, 0
Matching pennies game

But there might be a mixed strategy. To find it you need to make your opponent
not care about their action.

ë Wikimedia
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https://commons.wikimedia.org/wiki/File:C%C3%B4te_d'Ivoire_-_Serbie-et-Mont%C3%A9n%C3%A9gro_(coupe_du_monde_2006_-_86e_minute_-_penalty_de_Kalou).jpg


A practical problem for a football manager. . .

GK \ Taker L R
Left 0.42, 0.58 0.07, 0.93

Right 0.05, 0.95 0.3, 0.7

1 Should GK jump left? (Answer:
pGK ≈ 0.42)

2 Should penalty taker shoot left?
(Answer: pT ≈ 0.38)

3 Expected outcome? (Answer:
UGK ≈ 0.2)

[Palacios-Huerta (2003)]; ë sportingnews.com
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https://doi.org/10.1111/1467-937X.00249
https://www.sportingnews.com/us/soccer/news/mourinho-disgraceful-decision-man-city-ban-spurs-end-of-ffp/128kk38131czd1jcbxag0f3ttg


Solution: rig the game

Quick GK (left) or quick taker (right).

å “Eleven: Football Manager Board Game” (Portal Games)
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https://portalgames.pl/en/how-to-create-your-cards-for-eleven-football-manager-board-games/


A really important game. . .

• 100 credits.
• Assign credits to states.
• Outspend to get votes.

US elections app: Financial Times; Colonel Blotto apps: Physics of Risk
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https://ig.ft.com/us-election-game/
https://rf.mokslasplius.lt/tag/colonel-blotto-game/


Delving deeper

• More actions
• More players
• Consecutive games
• Random games
• Behavioral rationality

Designing:
• Auctions
• Voting
• Board games ("prof." Reiner Knizia)

Resilience:
• Errors
• Manipulations

Recommendation: “Game Theory” course (Coursera and Youtube)
ë Greg Montani (pixabay.com); ÅVeritasium: Why Democracy Is Mathematically Impossible
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https://boardgamegeek.com/boardgamedesigner/2/reiner-knizia
https://www.coursera.org/learn/game-theory-1
https://www.youtube.com/@gametheoryonline/playlists
https://pixabay.com/photos/happiness-lucky-number-roulette-839036/
https://www.youtube.com/watch?v=qf7ws2DF-zk


Network science



Connections

ë [Lynn and Basset (2019)], slate.com, Wikimedia.
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https://doi.org/10.1038/s42254-019-0040-8
https://slate.com/news-and-politics/2010/02/searching-for-saddam-a-five-part-series-on-how-social-networking-led-to-the-capture-the-iraqi-dictator.html
https://commons.wikimedia.org/wiki/File:Konigsberg_bridges


Main terminology

Network is a collection of nodes and links. Mathematicians prefer terms graph,
vertex and edge.

• Neighboring nodes - connected by
edges.

• Node’s degree - a number of its
neighbors.

• Path - sequence of neighboring nodes.
• Geodesic - shortest i → j path.
• Diameter - longest geodesic in a

network.
• . . .
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Adjacency matrix

A =


0 1 0 0 1 0
1 0 1 0 1 0
0 1 0 1 0 0
0 0 1 0 1 1
1 1 0 1 0 0
0 0 0 1 0 0



• If Aij ̸= 0, then there exists an edge
pointing from j to i.

• Node degree:
ki =

∑N
j=1 1Aij ̸=0 =

∑N
j=1 1Aji ̸=0.

• (Am)ij counts all j → i paths.

Specific links can be
• looping, if Aii = 1.
• directional, if Aij ̸= Aji.
• multiple, if Aij ∈ N0.
• weighted, if Aij ∈ R.
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Erdos-Renyi (random) network

1 Start with N nodes and L = 0
edges.

2 Iterate over all possible pairs. Add
edge with probability p.

Edges on average:
⟨L⟩ = pN (N − 1) /2.

Average degree:
⟨k⟩ = 2L/N = p (N − 1) .

Interactive app: Physics of Risk
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https://rf.mokslasplius.lt/erdos-renyi-model/


Phase transition in E-R network

Probability to not be in g.c.:

u = [(1− p) + up]N−1 ,

NG

N
= 1− exp

[
−⟨k⟩ NG

N

]
.

ë networksciencebook.com (V26 edition)
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http://networksciencebook.com/


Randomness enhances reach

Nodes reached: 3d (left) and 4d (right).
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Watts-Strogatz network

Idea: Introduce random edges into a regular structure.

Interactive app: Physics of Risk
38/63

https://rf.mokslasplius.lt/watts-strogatz-model/


Scale-free networks

Barabasi-Albert Edge redirection Luck-and-reason

Interactive apps: Barabasi-Albert, Edge redirection,
Luck-and-reason (Physics of Risk)
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https://rf.mokslasplius.lt/barabasi-albert-model/
https://rf.mokslasplius.lt/edge-redirection-network-formation-models/
https://rf.mokslasplius.lt/scale-free-behavior-as-a-result-of-luck-and-reason/


Continuum approach to B-A network

Expected degree of j-th node,

dkj
dt

= mp (t → j) =
kj
2t
, ⇒ kj (t) = m

√
t

tj
.

Looking for “younger” nodes is the same as
looking for lower degree nodes. Thus:

P (tj > T ) = P (kj < k) ∝ k−2,

p (k) ∝ k−3.

[Barabasi et al.(1999)]
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https://doi.org/10.1016/S0378-4371(99)00291-5


Delving deeper

Further general topics:
• Degree correlations
• Clustering
• Centrality and influence
• Strategic network formation

Recent research directions:
• Community detection
• Evolving networks
• Multi-layer networks
• Hyper-graphs
• Higher-order networks
• Predicting missing edges
• Reconstructing processes

Recommendations: Barabasi “Network Science”,
“Social and Economic Networks” course (Coursera and Youtube)

ë Generated by Copilot
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http://networksciencebook.com/
https://www.coursera.org/learn/social-economic-networks
https://www.youtube.com/@socialandeconomicnetworks4586/videos


Opinion dynamics



Diverse research direction

• Elections, polls, census data
• Online discussion
• Collective behavior
• Laboratory experiments

ë Gizmodo, Wikimedia, Wikimedia

43/63

https://www.gizmodo.com.au/2016/06/10-comics-that-shut-down-terrible-internet-arguments/
https://commons.wikimedia.org/wiki/File:ElectoralCollege1984.svg
https://commons.wikimedia.org/wiki/File:Ethnic_Map_of_Hungary_1910_with_Counties.png


Model taxonomy

ë [Jedrzejewski and Sznajd-Weron (2019)]
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https://doi.org/10.1016/j.crhy.2019.05.002


Axelrod model

• Opinion is given by d-dimensional vector.
• Each component may take q distinct values.

1 Choose a random agent i.
2 Choose a random neighbor j.
3 Interaction probability is proportional to the

number of shared components.
4 During interaction i copies a single

component from j.

[Axelrod (1997)]; Interactive app: Physics of Risk
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https://doi.org/10.1177/0022002797041002001
https://rf.mokslasplius.lt/axelrod-culture-dissemination-model/


Bounded confidence models

• Agents have continuous opinion xi.
• There exists a “trust” threshold ε.

1 Choose random agents i and j.
2 Check if i trusts j:

|xj(t)− xi(t)| < ε.

3 If yes, update agent’s i opinion:

xi(t+ 1) = xi(t) + µ [xj(t)− xi(t)] .

[Flache et al.(2017)]; Interactive app: Physics of Risk
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http://jasss.soc.surrey.ac.uk/20/4/2.html
https://rf.mokslasplius.lt/deffuant-bounded-confidence-model/


Galam models

• Each agent has discrete opinion.
• Interactions occur in groups imposed by

hierarchy, or in randomized groups.
• Agents may elect their representative, or

they may align their opinions.
• Consider status quo effects.

Interactive apps: Hierarchical voting model, Referendum model (Physics of Risk).
ë [Galam (2008)]
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https://rf.mokslasplius.lt/hierarchical-voting-model/
https://rf.mokslasplius.lt/uploads/models/kinetic-models/galam-model-en.html
https://doi.org/10.1142/S0129183108012297


Noisy voter model

• Discrete binary opinions
• Agents may change their opinion

independently, rate σ

• Agents may change their opinion by
imitating their peers, rate ∝ h

• Interactions may occur on a
complete network or other arbitrary
network

Recommendations: [Redner (2019)], [Jedrzejewski and Sznajd-Weron (2019)]
Interactive voter model apps: Physics of Risk
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https://doi.org/10.1016/j.crhy.2019.05.004
https://doi.org/10.1016/j.crhy.2019.05.002
https://rf.mokslasplius.lt/tag/voter-model/


Master equation

We can formalize NVM using birth and death rates:

λ+(X) = (N −X)
[
σ+ + hX

]
, λ−(X) = X

[
σ− + h (N −X)

]
.

Master equation:

∆p(X, t)

∆t
=− λ+(X)p(X, t)− λ−(X)p(X, t)+

+ λ+(X − 1)p(X − 1, t)+

+ λ−(X + 1)p(X + 1, t).

[van Kampen (2007)], [Anderson (2007)]
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https://doi.org/10.1016/B978-0-444-52965-7.X5000-4
https://dx.doi.org/10.1063/1.2799998


Deriving stationary distribution

Detailed balance:

λ−(X)p∞(X) = λ+(X − 1)p∞(X − 1).

Getting rid of recursion:

p∞(X) = p∞(0) ·
∏X

i=1 λ
+(i− 1)∏X

k=1 λ
−(k)

=

= p∞ (0) · N !

X! (N −X)!
·

·
B
(

σ+

h
+X, σ

−

h
+N −X

)
B
(
σ+

h
, σ

−

h
+N

)
Interactive app: Detailed balance (Physics of Risk)
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https://rf.mokslasplius.lt/detailed-balance/


Continuous (N → ∞) limit

Rewrite the rates:

λ+
s (x) = N2 · (1− x)

[
ε+

N
+ x

]
, λ−

s (x) = N2 · x
[
ε−

N
+ (1− x)

]
.

Master equation:
∆p(x, t)

∆t
=− λ+

s (x)p(x, t)− λ−
s (x)p(x, t)

+ λ+
s (x−∆x)p(x−∆x, t) + λ−

s (x+∆x)p(x+∆x, t) =

=
(
E+ − 1

) [
λ−
s (x)p(x, t)

]
+
(
E− − 1

) [
λ+
s (x)p(x, t)

]
.

Here: E±f(x) = f(x±∆x) ≈ f(x)±∆xf ′(x) + (∆x)2

2
f ′′(x).

[van Kampen (2007)]
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https://doi.org/10.1016/B978-0-444-52965-7.X5000-4


Fokker-Planck equation

∂p(x, t)

∂t
≈ − ∂

∂x

[
λ+
s (x)− λ−

s (x)

N
p(x, t)

]
+

1

2

∂2

∂x2

[
λ+
s (x) + λ−

s (x)

N2
p(x, t)

]

Stationary distribution:

0 = −
{
ε+ (1− x)− ε−x

}
p∞(x)+

+
d

dx
[x (1− x) p∞(x)] ,

p∞(x) = CN · xε+−1 (1− x)ε
−−1 .

[Risken (1996)]
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https://doi.org/10.1007/978-3-642-61544-3


Empirical fitness

Party (SK (a), LKDP (b) and LDDP (c)) vote shares
in Lithuanian 1992 parliamentary election.

Lithuanian 2022 municipality
election results map.

[Kononovicius (2017)], [Fernandez-Gracia et al.(2014)]
ë rinkimai.maps.lt
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https://doi.org/10.1155/2017/7354642
https://doi.org/10.1103/PhysRevLett.112.158701
https://rinkimai.maps.lt/rinkimai2023/savivaldybes/


It might be more about exchange. . .
Let the exchange rate between the spatial units be:

λi→j
(k) =

{
X

(k)
i

(
ε(k) +X

(k)
j

)
if i ̸= j and

∑
k X

(k)
j < C,

0 otherwise,

[Kononovicius (2019)]
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https://doi.org/10.1088/1742-5468/ab409b


Delving deeper

• q-voter model
• Non-Markovian dynamics
• Dynamics on networks

• Polarization (physicsworld.com)
• Detecting election fraud
• Compatibility with social sciences

Recommendations: [Castelano et al.(2009)], [Flache et al.(2017)], [Peralta et al.(2023)]
Recent: [Pal et al.(2025)]
ë (unknown), “spinson”
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https://rf.mokslasplius.lt/q-voter-model/
https://physicsworld.com/a/the-laws-of-division-physicists-probe-into-the-polarization-of-political-opinions/
https://doi.org/10.1103/RevModPhys.81.591
https://doi.org/10.18564/jasss.3521
https://arxiv.org/abs/2201.01322
https://link.aps.org/doi/10.1103/PhysRevLett.134.017401
https://doi.org/10.1371/journal.pone.0112203


Financial markets



The big picture

ë finance.yahoo.com, coinglass.com, imgflip.com

57/63

https://finance.yahoo.com/chart/TSLA
https://www.coinglass.com/merge/BTC-USD-SPOT
https://imgflip.com/memegenerator/205214210/20-minute-adventure-rick-morty


Some statistical facts

Let us introduce return:

r (t,∆t) = ln
P (t)

P (t−∆t)
.

If we look at high frequency data (∆t < 24h). We find
that:
• r has power-law tails
• r is mostly not correlated
• |r| is correlated

(right) PDF and PSD of |r| (∆t = 60 s; NYSE 2005–2007 data)
[Cont (2001)], [Gontis et al.(2010)]
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https://doi.org/10.1080/713665670
https://doi.org/10.1016/j.physa.2009.09.011


Just some opinion dynamics?

Let there be two type of traders:
• Chartists bet on their mood:

Dc (t) = −r0Xc (t) ξ (t) .

• Fundamentalists follow strategy:

Df (t) = Xf (t) ln

[
Pf

P (t)

]
.

[Kononovicius and Gontis (2012)]; ë Jeff Parker (cagle.com)
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https://doi.org/10.1016/j.physa.2011.08.061
https://cagle.com/cartoonist/jeff-parker/2011/08/04/1899/wall-street-roller-coaster


Stochastic differential equations

Stochastic differential equation (Ito sense) for the
noisy voter model:

dx =
[
ε+ (1− x)− ε−x

]
dt+

√
2x (1− x)dW.

For long-term return, y = x
1−x

:

dy =

[
ε+ + (2− ε−)

y

τ(y)

]
(1+y)dt+

√
2y

τ(y)
(1+y)dW,

with τ(y) = y−α.

[Kononovicius and Gontis (2012)]; Interactive app: Physics of Risk
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https://doi.org/10.1016/j.physa.2011.08.061
https://rf.mokslasplius.lt/agent-based-herding-model-financial-markets/


Order book model

Incorporation of new information through order book takes time.

[Kononovicius and Ruseckas (2019)]; Interactive app: Physics of Risk
61/63

https://doi.org/10.1016/j.physa.2019.03.059
https://rf.mokslasplius.lt/order-book-model-herd-behavior/


Delving deeper

• Stock cross-correlation
• Multi-scaling behavior
• Bayesian inference
• Portfolio optimization
• Option pricing problem
• Risk estimation
• Bubble detection
• Market efficiency, maturity
• Deep forecasting
Recommendations: [Mantegna and Stanley (1999)], [Slanina (2014)]
ë Generated by Copilot; ÅVeritasium: The Trillion Dollar Equation
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https://www.cambridge.org/9780521620086
https://global.oup.com/academic/product/essentials-of-econophysics-modelling-9780199299683
https://www.youtube.com/watch?v=A5w-dEgIU1M


Thank you!
# aleksejus.kononovicius@tfai.vu.lt
� kononovicius.lt, rf.mokslasplius.lt
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