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Plan of the talk:
e Motivation: Portfolio selection
e Problem: EV of emprical covariance matrix

e Method: Random Matrix Theory

e Application: Some examples

e Summary
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Portfolio selection (H. Markowitz)

Profit/Risk , Diversification

N N
X=>) pXi, Y.pi=1,
i=1 i=1

N
Revenue: (X) = > pi(X;)
i=1

Risk: UQ(X) = ZpiCijpj = Z )\z’U,L2
ij i
Portfolio selection rule is to minimize risk for given expected revenue

How to compute: C;;?

Historical data: x;; value of X; at ¢
Z
Cij = 7 2 TitTji
t=1

pe(A)  —  pc(N)
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Genuine vs empirical covariance matrix
Statistical system of /V-degrees of freedom: X;,2 =1,..., N
Covariance matrix: C;; = (X; X;) — (Xi)(X})

Additional assumption: (XZ> =0 — Cz’j — <Xz‘Xj>

Empirical covariance matrix: I’ measurements of X;: x;, t =1,....,7T

r=N/T , (r<1)
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Eigenvalue spectrum

Example: i.i.d. random numbers:

Cij = (XiX;) = 0i5 = pc(A) =0(A—1)

Question: p.(\) ?

Cij ~ 0;; + €;j where €;; ~ O(l/\/T)

Limit: N — oo and r = N/T = const

Wishart: p.(A) = 525/ (A = A)(A = AZ)  where Ay = (1 /7)?

5,
J

4]
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Problems
Direct problem: pc(A) = pc(N)
Inverse problem: p.(\) = pc(A)

Real inverse problem: A1,..., Ay = pc(\)

Answerdependsonr = =: eg. 1 — 0 = p.(A) — pc(N)
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3 important observations

T

1
Cij = T g Titxjt where ;=
t=1

Ri: — (R;)

oF

6

from PRL 83(7), 1467 (1999) by Bouchaud, Cizeau, Laloux, Potters

Conclusions: C not c, spikes = sectors, universality of the bulk (Wishart)
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Random Matrix Theory
many-body quantum systems E. Wigner
Mesoscopic systems
localization theory
glassy systems
chaos

QCD - Dirac operator

color expansion 1/N (planar diagrammatics)

counting (knots, pseudoknots enumeration)
2d quantum gravity, non-critical strings
Riemann hypothesis

sui generis branch of mathematical physics

multivariate analysis
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RMT and covariance cleaning

Given:

<5137;t513’jt/> — Cz'j5tt/

Searched:

pe(N) = <% > (- AZ->>
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RMT and covariance cleaning

Given:

<5137;t513’jt/> — Cz'j5tt/

Searched:

Method:
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RMT and covariance cleaning

Given:
<5Cit37jt’> — Cq;j5tt/

Searched:

pe(N) = <% > (- AZ->>

Method:

- 3 () L ()

i=1
1

I

1
pe(z) = —=Im g(x+i0")
T

Universality: Gaussian theory —> perturbation theory —> Feynman diagrams

—> planar diagrams for large [NV
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Moments generating functions:
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Noise dressing of moments

= M,
= M2 —|—TM12
= Ms + 3r M M> —|—7“2.7\4i3

mi

mo — rm%

ms — 3rmime + 2r2m?
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Summary
Portfolio/RMT

Exact relation:

2
14+ rm(z)

m(z) = M(Z) where Z =

Generalizations: temporal correlations and heavy tails

Applications:
e multivariate statistics
e quantitative finance
e telecommunication
biology

physics (lattice MC)
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Planar diagrammatics

5 <zic>:<k20 zi1>
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Diagrammatic representation of g(z)
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Closed set of equations
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Additional information in the inverse problem

K sektors: M (Z) = Zi{:l g’“_%k — My — my,

th exp

2
L m A )—m
X2_§:k1( L (P ;) k )

Example: T' = 333, N = 100, K = 3,

p1 =p2 =p3 = 1/3,
A =1, A5 =2, A5 = 3 (unknown)

0.6 T T

0.5+
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