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Plan of the talk:

• Motivation: Portfolio selection

• Problem: EV of emprical covariance matrix

• Method: Random Matrix Theory

• Application: Some examples

• Summary
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Portfolio selection (H. Markowitz)

Profit/Risk , Diversification

X =
N
∑

i=1

piXi,
N
∑

i=1

pi = 1,

Revenue: 〈X〉 =
N
∑

i=1

pi〈Xi〉

Risk: σ2(X) =
∑

ij

piCijpj =
∑

i

λiv
2
i

Portfolio selection rule is to minimize risk for given expected revenue

How to compute: Cij?

Historical data: xit value of Xi at t

cij = 1
T

T
∑

t=1
xitxjt

ρc(λ) → ρC(λ)
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Genuine vs empirical covariance matrix

Statistical system of N -degrees of freedom: Xi, i = 1, . . . , N

Covariance matrix: Cij = 〈XiXj〉 − 〈Xi〉〈Xj〉
Additional assumption: 〈Xi〉 = 0 −→ Cij = 〈XiXj〉

Empirical covariance matrix: T measurements of Xi: xit, t = 1, . . . , TPSfrag replacements

xit N

T

r = N/T , (r < 1)

cij = 1
T

T
∑

t=1
xitxjt

c = 1
T
xxτ

PSfrag replacements

xit

N

T

r = N/T , (r < 1)

c x

xτ
·=
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Eigenvalue spectrum

Example: i.i.d. random numbers:

Cij = 〈XiXj〉 = δij =⇒ ρC(λ) = δ(λ − 1)

Question: ρc(λ) ?

cij ∼ δij + εij where εij ∼ O(1/
√

T )

Limit: N → ∞ and r = N/T = const

Wishart: ρc(λ) = 1
2πrλ

√

(λ+ − λ)(λ − λ−) where λ± = (1 ±√
r)2

 

r=1.0
r=0.4
r=0.1

r=0.01
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Problems

Direct problem: ρC(λ) =⇒ ρc(λ)

Inverse problem: ρc(λ) =⇒ ρC(λ)

Real inverse problem: λ1, . . . , λN =⇒ ρC(λ)

Answer depends on r = N
T

: e.g. r → 0 ⇒ ρc(λ) → ρC(λ)
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3 important observations

cij =
1

T

T
∑

t=1

xitxjt where xit =
Rit − 〈Ri〉

σi
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from PRL 83(7), 1467 (1999) by Bouchaud, Cizeau, Laloux, Potters

Conclusions: C not c, spikes = sectors, universality of the bulk (Wishart)
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Random Matrix Theory

• many-body quantum systems E. Wigner

• mesoscopic systems

• localization theory

• glassy systems

• chaos

• QCD - Dirac operator

• color expansion 1/N (planar diagrammatics)

• counting (knots, pseudoknots enumeration)

• 2d quantum gravity, non-critical strings

• Riemann hypothesis

• sui generis branch of mathematical physics

• multivariate analysis
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RMT and covariance cleaning

Given:

〈xitxjt′〉 = Cijδtt′

Searched:

ρc(λ) =

〈

1

N

∑

i

δ(λ − λi)

〉

Method:

g(z) =
1

N

〈

Tr
1

z − c

〉

=
1

N

〈

N
∑

i=1

1

z − λi

〉

1

x + i0+
= PV

1

x
− iπδ(x)

ρc(x) = − 1

π
Im g(x+i0+)

Universality: Gaussian theory =⇒ perturbation theory =⇒ Feynman diagrams

=⇒ planar diagrams for large N
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Moments generating functions:

M(z) =

∞
∑

k=1

MCk

zk
, m(z) =

∞
∑

k=1

mck

zk
,

M(z) = zG(z) − 1 and m(z) = zg(z) − 1

Solution (Conformal map)

m(z) = M(Z)

where

Z =
z

1 + rm(z)

or

z = Z(1 + rM(Z))
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Noise dressing of moments

m1 = M1

m2 = M2 + rM2
1

m3 = M3 + 3rM1M2 + r2M3
1

. . .

M1 = m1

M2 = m2 − rm2
1

M3 = m3 − 3rm1m2 + 2r2m3
1

. . . .
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Summary

Portfolio/RMT

Exact relation:

m(z) = M(Z) where Z =
z

1 + rm(z)

Generalizations: temporal correlations and heavy tails

Applications:

• multivariate statistics

• quantitative finance

• telecommunication

• biology

• physics (lattice MC)

• . . .

Z. Burda Physics of Risk , May 2006



Random matrices and risk management 13

Acknowledgments

Andrzej Görlich, Andrzej Jarosz, Jerzy Jurkiewicz, Maciej A. Nowak, Gabor Papp,

Bartlomiej Waclaw, Ismail Zahed

• Z. Burda, J. Jurkiewicz, M.A. Nowak, Is Econophysics a Solid Science?, Acta

Phys. Polon. B34 (2003) 87.

• Z. Burda, A. Görlich, A. Jarosz, J. Jurkiewicz, Signal and Noise in Correlation

Matrix, Physica A343 (2004) 295.

• Proceedings of the Conference: Applications of Random Matrices to Economy

and Other Complex Systems, Krakow, 25-28.05.2005 Acta Phys. Polon. B 36

(2005) 2757.

Z. Burda Physics of Risk , May 2006



Random matrices and risk management 14

Planar diagrammatics

g(z) =

fi

1

z − c

fl

=

*

X

k≥0

c
k

zk+1

+

=

fi

1

z
+

1

z
x

1

T
x

τ 1

z
+

1

z
x

1

T
x

τ 1

z
x

1

T
x

τ 1

z
+ . . .

fl

=

*

PSfrag replacements

. . .+++ +

〈xitxjt′ 〉 = Cijδtt′ =

PSfrag replacements

t t′

i j

〈xi1t1xi2t2xi3t3xi4t4 〉 = 〈xi1t1xi2t2 〉〈xi3t3xi4t4 〉

+ 〈xi1t1xi3t3 〉〈xi2t2xi4t4 〉 (1)

+ 〈xi1t1xi4t4 〉〈xi2t2xi3t3 〉

PSfrag replacements

i1i1i1 i2i2i2 i3i3i3 i4i4i4 t1t1t1 t2t2t2 t3t3t3 t4t4t4

++
=

. . .
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Diagrammatic representation of g(z)

PSfrag replacements

++

+++

=g

. . .
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Closed set of equations

= + + +

PSfrag replacements

Σ ΣΣg
. . .

= + + +

PSfrag replacements

Σ∗Σ∗Σ∗g∗ . . .

PSfrag replacements

gΣ∗
=

,

PSfrag replacements

g

Σ∗

=

g∗
=Σ

g(z) =
1

z − Σ(z)

g∗(z) =
1

T − Σ∗(z)

Σ(z) = CTr
[

g∗(z)
]

Σ∗(z) = Tr
[

g(z)C
]
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Additional information in the inverse problem

K sektors: M(Z) =
∑K

k=1
pkΛk

Z−Λk
=⇒ Mk =⇒ mk

χ2 =
∑L

k=1

(

mth
k (pj ,Λj)−m

exp

k

∆k

)2

Example: T = 333, N = 100, K = 3,

p1 = p2 = p3 = 1/3,

Λ1 = 1, Λ2 = 2, Λ3 = 3 (unknown)
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